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ON FREE SUBGROUPS IN MAXIMAL SUBGROUPS
OF SKEW LINEAR GROUPS
BUI XUAN HAI AND HUYNH VIET KHANH
Abstract. The study of the existence of free groups in skew linear groups have
been begun since the last decades of the 20-th century. The starting point is
the theorem of Tits (1972), now often is referred as Tits’ Alternative, stating
that every finitely generated subgroup of the general linear group GLn(F ) over
a field F either contains a non-cyclic free subgroup or it is solvable-by-finite.
In this paper, we study the existence of non-cyclic free subgroups in maximal
subgroups of an almost subnormal subgroup of the general skew linear group
over a locally finite division ring.
1. Introduction
Let D be a division ring and n a positive integer. The subject of this paper is
to study the problem on the existence of non-cyclic free subgroups in maximal sub-
groups of an almost subnormal subgroup of the general skew linear group GLn(D)
provided D is locally finite. Recall that D is locally finite if for every finite subset
S of D, the division subring F (S) of D generated by the set F ∪ S is a finite di-
mensional vector space over F , where F is the center of D. Let G be an arbitrary
group and H a subgroup of G. Following Hartley [11], H is almost subnormal in G
if there exists such a sequence of subgroups
H = H0 ≤ H1 ≤ . . . ≤ Hr = G,
where for any 0 ≤ i ≤ r − 1, either Hi is normal in Hi+1 or Hi is a subgroup of
finite index in Hi+1. By definition, every subnormal subgroup in a group is almost
subnormal. In [12, Example 8], for a given prime power k = qm and a local field F ,
Hazrat and Wadsworth have constructed a division ring D with center F in which
for any odd prime divisor p of k + 1, there exists a non-normal maximal subgroup
of index p in the multiplicative group D∗ of D. In view of these examples, one
can conclude that there exists a various number of division rings containing almost
subnormal subgroups which are not subnormal.
The problem of the existence of non-cyclic free subgroups in maximal subgroups
of skew linear groups was studied by several authors. Let D be a division ring and
assume that M is a maximal subgroup of the group GLn(D). In [15], Mahdavi-
Hezavehi studied this problem for the case when n = 1 and D is centrally finite.
It was proved that either M contains a non-cyclic free subgroup or there exists a
maximal subfield K of D such that K/F is a Galois extension, K∗ is a normal
subgroup of M and M/K∗ ∼= Gal(K/F ). In [10], B. X. Hai and N. A. Tu extended
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the study for the case when D is locally finite, M is a maximal subgroup of a
subnormal subgroup G of the group GL1(D). A surprising result obtained in [10,
Theorem 3.4] states that if M does not contain non-cyclic free subgroups then
D must be centrally finite, M must be absolutely irreducible, and there exists a
maximal subfield K of D such that K/F is a Galois extension and Gal(K/F ) ∼=
M/K∗ ∩ G. The general case for n ≥ 1 and a maximal subgroup M of the group
GLn(D) over a centrally finite division ring D was considered in [6], [9] and [16].
Here, we consider the more general case for n ≥ 1 and a maximal subgroup M
in an almost subnormal subgroup G of the general linear group GLn(D) over a
locally finite division ring D. The new result obtained in Theorem 3.1 generalizes
all previous results mentioned above.
Throughout this paper, F and D∗ denote the center and the multiplicative group
of a division ring D respectively. For a positive integer n,Mn(D) is the matrix ring
of degree n over D. We identify F with F In via the ring isomorphism a 7→ aIn,
where In is the identity matrix of degree n. If S is a subset of Mn(D), then F [S]
denotes the subring of Mn(D) generated by S ∪ F . Also, in the case n = 1, we
denote by F (S) the division subring of D generated by the set F ∪ S. If H and K
are two subgroups in a group G, then NK(H) denotes the set of all elements k ∈ K
such that k−1Hk ≤ H , i.e., NK(H) = K ∩NG(H). If A is a ring or a group, then
Z(A) denotes the center of A.
Let V = Dn = {(d1, d2, . . . , dn) |di ∈ D}. For any subgroup G of GLn(D),
V may be viewed as D-G bimodule. Recall that a subgroup G of GLn(D) is
irreducible (resp. reducible, completely reducible) if V is irreducible (resp. reducible,
completely reducible) as D-G bimodule. If F [G] = Mn(D), then G is absolutely
irreducible over D. If G is irreducible, then G is imprimitive if there exists an
integer m ≥ 2 such that V = ⊕mi=1Vi as left D-modules and for any g ∈ G the
mapping Vi → Vig is a permutation of the set {V1, · · · , Vm}. If G is irreducible and
not imprimitive, then G is primitive.
2. Auxiliary results
If S is a subset of D and every element of S is algebraic over F , then we say
that S is algebraic over F . The following fact is obvious.
Lemma 2.1. Let D be a division ring with center F and G be a subgroup of D∗.
If F [G] is algebraic over F , then F (G) = F [G]. 
Lemma 2.2. Let D be a locally finite division ring with center F and G be a
subgroup of GLn(D). If G contains no non-cyclic free subgroups, then G is (locally
solvable)-by-(locally finite).
Proof. For any finite subset S ⊆ G, let H be the subgroup of G generated by S.
Assume that K is the division subring of D generated by all entries of all matrices
in S over F , and let r = [K : F ]. Viewing H as a subgroup of GLr(F ), by [23,
Corollary 1], H is solvable-by-finite. Hence, G is locally solvable-by-finite. By [21,
3.3.9, p.103], G is (locally solvable)-by-(locally finite). 
Remark 1. Recall that a field F is locally finite if every its finitely generated
subfield is finite. Obviously F is locally finite if and only if the prime subfield P
of F is finite and F is algebraic over P . If D is a locally finite division ring with
such a center F , then Jacobson’s theorem [14, Theorem 13.11, p.208] yields D = F .
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Hence, if D is a non-commutative locally finite division ring, then the center F of
D is not locally finite.
Lemma 2.3. Let D be a non-commutative locally finite division ring with center F
and G be an almost subnormal subgroup of GLn(D). If G 6⊆ F , then F [G] = Mn(D).
Proof. For n > 1, by [17, Theorem 3.3], G is normal in GLn(D). Therefore,
g−1F [G]g ∈ F [G] for any g ∈ GLn(D). In view of [9, Theorem H], it follows
that F [G] = Mn(D). If n = 1, then by Lemma 2.1, F [G] is a division ring, hence
the conclusion holds by [2, Theorem 1]. 
Theorem 2.4. Let D be a non-commutative locally finite division ring with center
F . Assume that G is an almost subnormal subgroup of GLn(D) and M is a non-
abelian maximal subgroup of G. Then, M contains no non-cyclic free subgroups if
and only if M is abelian-by-locally finite.
Proof. Assume that M contains no non-cyclic free subgroups. We claim that M
is irreducible. Indeed, since every subgroup of D∗ is obviously irreducible, we can
assume n > 1. According to [17, Theorem 3.3], SLn(D) ⊆ G and G is normal
in GLn(D). Assume by contradiction that M is reducible. In view of [21, 1.1.1,
p.2], there exist a matrix P ∈ GLn(D) and some integer 0 < m < n such that
PMP−1 ⊆ H , where
H =
(
GLm(D) ∗
0 GLn−m(D)
)
∩G.
The normality of G in GLn(D) and the maximality of M imply that PMP
−1 is a
maximal subgroup of G. Thus, either H = G or H = PMP−1. If H = G, then
SLn(D) ⊆ H . This is imposible since In + En1 belongs to SLn(D) but it is not an
element of H (here En1 is the matrix with 1 in the position (n, 1) and 0 everywhere
else). So, we may assume that H = PMP−1. Because M contains no non-cyclic
free subgroups, so does H . Consequently, the group(
SLm(D) 0
0 In−m
)
⊆ H,
which is a copy of SLm(D), contains no non-cyclic free subgroups that is a con-
tradiction to [17, Theorem 4.3]. Therefore, M is irreducible as claimed. Now, we
shall prove that M is abelian-by-locally finite. Since M contains no non-cyclic free
subgroups, by Lemma 2.2, M is (locally solvable)-by-(locally finite). Let N be a
locally solvable normal subgroup of M such that M/N is locally finite. According
to [21, 1.2.4, p.11], M is isomorphic to an absolutely irreducible skew linear group.
By [25, Theorem 1.1], N contains an abelian normal subgroup A of M such that
N/A is locally finite. Applying [19, 14.3.1, p.429], we conclude that M/A is locally
finite. Thus, M is abelian-by-locally finite.
Conversely, suppose thatM is abelian-by-locally finite and contains a non-cyclic
free subgroup G1 := 〈x, y〉, which is generated by x and y. Let H be an abelian
normal subgroup of M such that M/H is locally finite. Then G1H/H is finite. So,
there exist integers i, j ≥ 1 such that xi, yj ∈ H . Since H is abelian, xiyj = yjxi
that is impossible because x and y are generators of the free group G1. 
Suppose that n = rk, for some k > 1. Let S be a transitive subgroup of the
symmetric group Sk. Convert each σ ∈ S to a k × k permutation matrix t¯ in the
usual way, and set t = Ir⊗ t¯. Let G be a subgroup of GLr(D). For each g¯ ∈ G
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the matrix Ik and replace the (1, 1) entry by g¯, the other diagonal entries by Ir,
and the remaining entries by zero matrices. Call this matrix g. Then both t and g
are elements of GLn(D). The subgroup of GLn(D) generated by all such matrices
g and t is the wreath product of G and S, denoted by G ≀ S.
Lemma 2.5. Let D be an infinite division ring with center F . Assume that G is an
almost subnormal subgroup of GLn(D) and M is an irreducible maximal subgroup
of G. If M is imprimitive, then n ≥ 2 and there exist positive integers r, k with
k > 1 such that n = rk and M contains a copy of SLr(D).
Proof. Assume that M is imprimitive. Then, by definition of imprimitivity, we
have n ≥ 2. By [17, Theorem 3.3], G is a normal subgroup of GLn(D) containing
SLn(D). By [22, Lemma 5, p.108], there exist positive integers r, k with k > 1 such
that n = rk and M is conjugate to a subgroup, say M1, of H := GLr(D) ≀ Sk. The
normality of G in GLn(D) yields M1 ≤ G, hence M1 is also maximal in G. Now,
G ∩ H is a subgroup of G containing M1, so by maximality of M1 in G, either
G ≤ H or G ∩H =M1. If the first case occurs, then the subgroup SLn(D) should
be contained in H . This is impossible because In + En1 belongs to SLn(D) but it
is not an element of H . Therefore, G ∩H =M1, which implies that M1 contains a
copy of SLr(D). Consequently, M contains a copy of SLr(D). 
Lemma 2.6. Let D be a locally finite division ring with center F . Suppose that
M is a primitive subgroup of GLn(D) and N is a normal subgroup of M . Then
F [N ] ∼= Mt(∆) for some t ≥ 1 and some locally finite dimensional division F -
algebra ∆.
Proof. Since M is irreducible, N is completely reducible, so by [21, 1.1.12, p.7],
F [N ] is a semisimple artinian ring. Moreover, in view of [7, Proposition 3.3], F [N ]
is a prime ring. Therefore, F [N ] is a simple artinian ring. By the Wedderburn-
Artin Theorem, F [N ] ∼= Mt(∆) for some t ≥ 1 and some division F -algebra ∆. Let
F0 = Z(∆) and S be any finite subset of ∆. We claim that ∆ is locally finite. To
do this, we must show that ∆2 = F0(S), the division subring of ∆ generated by
S over F0, is finite dimensional over F0. First, we will prove that [∆2 : F2] < ∞,
where F2 = Z(∆2). Let D1 be the division subring of D generated by all entries of
all elements of S over F . Denoting r := [D1 : F ], we have
F [S] ≤Mn(D1) ≤ Mnr(F ).
In view of the Amitsur-Levitzki Theorem, F [S] satisfies the standard polynomial
identity. By [1, Theorem 1], the division subring ∆1 := F (S) of ∆ is finite dimen-
sional over its center F1. Set m = [∆1 : F1]. Since F ⊆ F0, we have ∆1 ⊆ ∆2. It
is easy to check that F2 = C∆2(∆1) is a field which contains F1 and F1 = ∆1 ∩ F2.
By setting R = ∆1 ⊗F1 F2, we have Z(R) = F2 and
R ≤ (∆1 ⊗F1 ∆
op
1 )⊗F1 F2
∼= Mm(F1)⊗F1 F2.
Note that by [8, Corollary 6, p.42], both R and Mm(F1)⊗F1 F2 are central simple
F2-algebras, hence [R : F2] <∞. Since R is simple, the map
R = ∆1 ⊗F1 F2 → ∆2 : x⊗ y 7→ xy
is an injective homomorphism. Therefore, R is a domain and dimF2 R <∞, which
implies that R is a division ring. Moreover, R contains F0 and S, so R = ∆2 and
k := [∆2 : F2] <∞.
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Next, we will show that [F2 : F0] < ∞. Suppose that {a1, a2, . . . , ak} is a basis
of ∆2 over F2 and S = {b1, b2, . . . , bl}. For 1 ≤ i, j ≤ k and 1 ≤ s ≤ l, write
aiaj = cij1a1+ cij2a2+ · · ·+ cijkak, cijα ∈ F2 and bs = ds1a1+ ds2a2+ · · ·+ dskak,
dsγ ∈ F2. Set
Ω = {cijα : 1 ≤ i, j, α ≤ k} ∪ {dsγ : 1 ≤ s ≤ l, 1 ≤ γ ≤ k}.
Let K be the subfield of F2 generated by Ω over F0, and let
∆3 =
{
k∑
i=1
αiai : αi ∈ K
}
.
Then, ∆3 is a domain and dimK ∆3 < ∞. Consequenly, ∆3 is a division ring
containing both S and F0, which yields ∆3 = ∆2 and [F2 : K] < ∞. Since
K is finitely generated over F0, so is F2. In view of [3, Theorem 8.4.1, p.387],
Mn(D) is algebraic over F . Thus, F2 is algebraic over F0 ⊇ F . It follows that
[F2 : F0] <∞. Finally, the conditions [∆2 : F2] <∞ and [F2 : F0] <∞ imply that
[∆2 : F0] <∞. 
It is well-known that the existence of maximal subgroups in division rings is
one of the difficult open problems in the theory of skew linear groups. The result
obtained in the following theorem contains some useful information for the study
of this problem. Some related results can be found in [4] and [15].
Theorem 2.7. Let D be a non-commutative locally finite division ring with center
F . Assume that G is an almost subnormal subgroup of GLn(D) and M is a non-
abelian maximal subgroup of G. If M is radical over F (that is, for every element
x ∈ M , there exists an integer n(x) depending on x such that xn(x) ∈ F ), then
[D : F ] <∞ and M is abelian-by-finite.
Proof. For any x ∈ M ′, assume that x = [x1, y1]
z1 . . . [xk, yk]
zk , where zi’s are
integers, and xm = a ∈ F for some integer m ≥ 1. Let D1 be the division subring
of D generated by all entries of x1, y1, · · · , xk, yk over F . Since D is locally finite,
D1 is finite dimensional over F . By setting t = [D1 : F ] <∞ and viewing x as an
element of Mn(D1), we have
1 = NMn(D1)/F (x)
m = NMn(D1)/F (x
m) = NMn(D1)/F (a) = a
n2t,
so xmtn
2
= 1. Therefore M ′ is torsion. Because D is a locally finite division ring,
M ′ is a locally linear group, that is, every finite subset of M ′ generates a subgroup
which is isomorphic to a linear group over a field. According to Schur’s theorem
[14, Theorem 9.9’, p.146], M ′ is locally finite.
In the proof of Theorem 2.4 we see that M is irreducible. Therefore, according
to [21, 1.2.4, p.11], F [M ] ∼= Mt1(∆1) for some t1 ≥ 1 and some locally finite
dimensional division F -algebra ∆1. The maximality ofM inG yields either F [M ]
∗∩
G = M or G ⊆ F [M ]∗. If F [M ]∗ ∩ G = M , then M is a non-abelian almost
subnormal subgroup of GLt1(∆1) that is radical over F . This contradicts to [17,
Theorem 4.3], which forces G ⊆ F [M ]. Applying Lemma 2.3, we conclude that
F [M ] = Mn(D). Hence, Z(M) =M ∩ F .
We claim that M is primitive. Indeed, if M is imprimitive, then according
to Lemma 2.5, M contains a copy of SLr(D) for some integer r ≥ 1. By [17,
Theorem 4.3], M contains a non-cyclic free subgroup, which contradicts to the
fact that M is radical over F . Thus M is primitive as claimed. By Lemma 2.6,
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F [M ′] ∼= Mt2(∆2) for some t2 ≥ 1 and some locally finite dimensional division
F -algebra ∆2. Since M is maximal in G and M ⊆ NG(F [M
′]∗) ⊆ G, either
M = NG(F [M
′]∗) or NG(F [M
′]∗) = G. Let us consider two possible cases:
Case 1: M = NG(F [M
′]∗)
In this case, G∩F [M ′]∗ is an almost subnormal subgroup of GLt2(∆2) contained
in M . By Remark 1, F is not a locally finite field, so [17, Theorem 4.3] yields
M ′ ⊆ G ∩ F [M ′]∗ ⊆ Z(∆2). Consequenly, M is metabelian, hence, it is solvable.
Since M is irreducible, its unique maximal unipotent normal subgroup u(M) = 1
(see [24, 2.4]). We now claim that there exists an FC-element x ∈M\Z(M). For, if
M is nilpotent, then by [21, 3.3.1, p.95], every element of M\Z(M) is FC-element.
Otherwise, again by [21, 3.3.1, p.95], every element of M ′\Z(M) is FC-element.
If A = CoreM (CM (x)), then A is a normal subgroup of finite index in M . By
Lemma 2.6, F [A] ∼= Mt3(∆3) for some t3 ≥ 1 and some locally finite dimensional
division F -algebra ∆3. Now, the conditionM ⊆ NG(F [A]
∗) ⊆ G implies that either
NG(F [A]
∗) = M or NG(F [A]
∗) = G. If NG(F [A]
∗) = M , then G ∩ F [A]∗ is an
almost subnormal subgroup of GLt3(∆3) contained inM . Again, [17, Theorem 4.3]
forces A ⊆ G ∩ F [A]∗ ⊆ Z(∆3). In orther words, M is abelian-by-finite. Now, in
view of [18, Lemma 11, p.176], the group ring FM is a PI-ring. Viewing F [M ] as
a homomorphic image of FM , it follows that F [M ] = Mn(D) is also a PI-ring. By
Kaplansky’s theorem ([13, Theorem 1]), [D : F ] <∞. In the case NG(F [A]
∗) = G,
the group G ∩ F [A]∗ is almost subnormal in GLn(D). If G ∩ F [A]
∗ is contained in
F , then A is abelian. Consequently, M is abelian-by-finte, and again [D : F ] <∞.
If G ∩ F [A]∗ 6⊆ F , then Lemma 2.3 gives F [A] = Mn(D). Therefore, all elements
of Mn(D) commute with x, or equivalently, x ∈ F ∩M = Z(M), a contradiction.
Case 2: NG(F [M
′]∗) = G
In this case, G∩F [M ′]∗ is almost subnormal in GLn(D). If G∩F [M
′]∗ ⊆ F , then
M ′ is abelian. By the same argument used in Case 1, it follows that [D : F ] < ∞
and M is abelian-by-finite. Assume that G ∩ F [M ′]∗ is not contained in F . By
Lemma 2.3, it follows that F [M ′] = Mn(D). Now, let us consider the following two
subcases:
Subcase 2.1: char(F ) = 0
By [21, 2.5.14, p.79], M ′ contains a characteristic metabelian subgroup H of
finite index in M ′. Consequently, H ′ is an abelian normal subgroup of M . In view
of Lemma 2.6, K := F [H ′] is a field that is algebraic over F .
Firstly, we assume that H ′ 6⊆ F , then there exists an element y ∈ H ′\Z(M)
because Z(M) = M ∩ F as we have proved above. Thus, the elements of the set
yM := {m−1ym|m ∈ M} ⊂ K have the same minimal polynomial over F . This
implies |yM | < ∞, so y is an FC-element, and consequently, [M : CM (y)] < ∞.
Setting B = CoreM (CM (y)), then B EM and [M : B] is finite. By Lemma 2.6,
F [B] ∼= Mt4(∆4) for some t4 ≥ 1 and some locally finite dimensional division F -
algebra ∆4. The maximality of M in G implies that either NG(F [B]
∗) = M or
NG(F [B]
∗) = G. If the first case occurs, then G ∩ F [B]∗ is almost subnormal
in GLt4(∆4) contained in M . By [17, Theorem 4.3], B ⊆ G ∩ F [B]
∗ ⊆ Z(∆4).
Consequently, M is abelian-by-finite and [D : F ] < ∞. If NG(F [B]
∗) = G, then
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G∩F [B]∗ is almost subnormal in GLn(D). If G∩F [B]
∗ is contained in F , then B is
abelian. Consequently, M is abelian-by-finite and [D : F ] <∞. If G ∩ F [B]∗ 6⊆ F ,
then by Lemma 2.3, F [B] = Mn(D). This implies that all elements of Mn(D)
commute with y, or equivalently, y ∈ F ∩M = Z(M), a contradiction.
Now, assume that H ′ ⊆ F . In this case, H is nilpotent and locally finite.
According to [21, 2.5.2, p.73],H contains an abelian normal subgroup of finite index.
Thus, M ′ is abelian-by-finite. Again by [18, Lemma 11, p.176], F [M ′] = Mn(D) is
a PI-ring, which shows that [D : F ] <∞. Now,M may be viewed as a linear group
containing no non-cyclic free subgroups. By Tits’ theorem [23], M is solvable-by-
finite. Let A be a solvable normal subgroup of finite index in M . Applying [5,
Theorem 6.4, p.111], we deduce that A is abelian-by-finite. Consequently, M is
also abelian-by-finite.
Subcase 2.2: char(F ) = p > 0
Let Fp be the prime subfield and F˜ be a maximal locally finite subfield of F . By
[21, 1.1.14, p.9], F˜ [M ′] ∼= Ml(S) for some l ≥ 1 and some division ring S. Since
M ′ is locally finite, S is algebraic over F˜ , so S is algebraic over Fp. By Jacobson’s
theorem, S is a field. Moreover,
S = Z(F˜ [M ′]) ⊆ Z(F [M ′]) = Z(Mn(D)) = F.
Now, we have S = F˜ because S is a locally finite subfield of F containing F˜ .
Therefore, F˜ [M ′] ∼= Ml(F˜ ), so [F˜ [M
′] : F˜ ] = l2. By the same argument as in
the case F [M ′] = Mn(D), we deduce that F [F˜ [M
′]] = Mn(D). We claim that
[Mn(D) : F ] ≤ l
2. Indeed, suppose that {u1, · · · , ul2} is a basis for F˜ [M
′] over F˜ .
Any element x ∈ Mn(D) may be written in the form
x = f1x1 + · · · fkxk, fi ∈ F, xi ∈ F˜ [M
′]
= f1(α11u1 + · · ·+ α1l2ul2) + · · ·+ fk(αk1u1 + · · ·+ αkl2ul2)
= (f1α11 + · · ·+ fkαk1)u1 + · · ·+ (f1α1l2 + · · ·+ fkαkl2 )ul2 , αij ∈ F˜ .
Since F˜ ⊆ F , the last equation implies that the elements u1, · · · , ul2 span Mn(D)
over F . Therefore, [Mn(D) : F ] ≤ l
2 as claimed, and thus [D : F ] · n2 ≤ l2.
The condition Ml(F˜ ) ⊆ Mn(D) together with [21, 1.1.9, p.5] shows that l ≤ n.
Hence, the inequality [D : F ] · n2 ≤ l2 implies that n = l and D = F , which is a
contradiction. 
3. Main result
Now, we are ready to prove the main result of this paper.
Theorem 3.1. Let D be a non-commutative locally finite division ring with center
F . Assume that G is an almost subnormal subgroup of GLn(D) and M is a non-
abelian maximal subgroup of G. If M contains no non-cyclic free subgroups then
[D : F ] < ∞, F [M ] = Mn(D), and there exists a maximal subfield K of Mn(D)
containing F such that K/F is a Galois extension, NG(K
∗) = M , K∗ ∩ G EM ,
M/K∗∩G ∼= Gal(K/F ) is a finite simple group, and K∗∩G is the Fitting subgroup
of M .
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Proof. If M contains no non-cyclic free subgroups, then by Theorem 2.4, M is
abelian-by-locally finite. Let A be a maximal subgroup of M with respect to the
property: A is an abelian normal subgroup of M such that M/A is locally finite.
As we have seen in the proof of Theorem 2.4, M is irreducible. IfM is imprimitive,
then by Lemma 2.5,M contains a copy of SLr(D) for some integer r ≥ 1. In view of
[17, Theorem 4.3], M contains a non-cyclic free subgroup, a contradiction. Hence,
M is primitive. Since M is irreducible, A is completely reducible. Consequently,
by [21, 1.1.12, p.7], F [A] is a semisimple artinian ring. The Wedderburn-Artin
Theorem implies that
F [A] ∼= Mn1(D1)×Mn2(D2) · · · ×Mns(Ds),
where Di are division F -algebras, 1 ≤ i ≤ s. Since F [A] is abelian, ni = 1 and
Ki := Di = Z(Di) are fields that contain F for all i. Therefore,
F [A] ∼= K1 ×K2 · · · ×Ks.
Since M is primitive, in view of [7, Proposition 3.3], F [A] is an integral domain,
so s = 1. Hence, K := F [A] is a subfield of Mn(D) containing F . By Lemma 2.6,
F [M ] ∼= Mt1(∆1) for some t1 ≥ 1 and some locally finite dimensional division F -
algebra ∆1. SinceM is maximal in G, either F [M ]
∗∩G =M or G ⊆ F [M ]∗. If the
first case occurs, then M is a non-abelian almost subnormal subgroup of GLt1(∆1)
containing no non-cyclic free subgroups that contradicts to [17, Theorem 4.3]. So,
we may assume that G ⊆ F [M ]∗. By Lemma 2.3, F [M ] = Mn(D), hence, Z(M) =
M ∩ F ∗. Now, we consider two possible cases:
Case 1: A is not contained in F
We claim that D is centrally finite. Take some element α ∈ A\F . The elements
of the set αM := {m−1αm|m ∈ M} ⊂ A have the same minimal polynomial
over F . This implies that |αM | < ∞, so α is an FC-element, and consequently,
[M : CM (α)] <∞. Setting
L1 = F (α
M ), N = CoreM (CM (α)), H1 = CMn(D)(L1),
then L1 is a subfield of K properly containing F , AENEM , N ≤ H
∗
1 , and [M : N ]
is finite. Since H1 = CMn(D)(α
M ), in view of [7, Proposition 3.3], H1 ∼= Mt2(∆2)
for some t2 ≥ 1 and some locally finite dimensional division F -algebra ∆2. The
subgroup M normalizes L∗1, so it also normalizes H
∗
1 . Therefore, M ⊆ NG(H
∗
1 ) ⊆
G. Let B = H∗1 ∩ G. By the maximality of M in G, either G = NG(H
∗
1 ) or
M = NG(H
∗
1 ). Assume that the first case occurs. Then, we have
α ∈ B ENG(H
∗
1 ) = G.
This implies that B is a non-central almost subnormal subgroup in GLn(D). There-
fore H1 = F [B] = Mn(D) by Lemma 2.3. From this, we conclude that L1 ⊆ F ,
a contradiction. Therefore, we may assume that M = NG(H
∗
1 ), and thus B =
H∗1 ∩ G EM . The conditions N ≤ B and [M : N ] < ∞ imply that [M : B] < ∞.
Moreover, B is an almost subnormal subgroup of H∗1 = GLt2(∆2) containing
no non-cyclic free subgroups, so in view of [17, Theorem 4.3], we conclude that
B ⊆ Z(∆2). In other words, M is abelian-by-finite. Consequently, F [M ] = Mn(D)
is a PI-ring, and by Kaplansky’s theorem, [D : F ] <∞.
The last paragraph shows that A ⊆ B and M/B is finite. By the maximality
of A in M , it follows that A = B. Since M ⊆ NG(F [A]
∗) ⊆ G and M is maximal
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in G, either NG(F [A]
∗) = G or NG(F [A]
∗) = M . In the first case, F [A]∗ ∩ G
is an abelian almost subnormal subgroup of GLn(D), so A ⊆ F [A]
∗ ∩ G ⊆ F by
[17, Theorem 4.3], contradiction with case 1. In the second case, F [A]∗ ∩ G EM .
Moreover, since A ⊆ F [A]∗ ∩ G and M/A is finite, M/F [A]∗ ∩ G is also finite. In
short, we have NG(K
∗) =M , K∗ ∩GEM and M/K∗ ∩G is finite. Furthermore,
since K∗ ∩G is abelian, by maximality of A in M , we conclude that A = K∗ ∩G.
Recall that A = B and B = H∗1 ∩G. From this, one has K
∗∩G = H∗1 ∩G. Setting
H = CMn(D)(K), then K ⊆ H ⊆ H1, and thus K
∗ ∩G = H∗ ∩G.
Recall that A is normal in M , so for any a ∈M , the mapping θa : K → K given
by θa(x) = axa
−1 is well defined. It is clear that θa is an F -automorphism of K.
Thus, the mapping
ψ :M → Gal(K/F )
defined by ψ(a) = θa is a group homomorphism with
kerψ = CM (K
∗) = CMn(D)(K)
∗ ∩M = K∗ ∩G.
Since F [M ] = Mn(D), it follows that CMn(D)(M) = F . Therefore, the fixed field
of ψ(M) is F . From this, we conclude that ψ is a surjective homomorphism, and
K/F is a Galois extension. Hence, M/K∗ ∩G ∼= Gal(K/F ) is a finite group.
Now, we show that K is a maximal subfield of Mn(D). To see this, suppose that
{x1, . . . , xm} is a transversal of K
∗ ∩G in M . Since M normalizes K∗,
R = x1K + x2K + · · ·+ xmK
is a subring of Mn(D) containing both F and M . Therefore, R = Mn(D) and
[Mn(D) : K]r = [R : K]r ≤ |M/K
∗ ∩G| = |Gal(K/F )| = [K : F ].
By Centralizer Theorem [8, (vii), p.42], [Mn(D) : K]r = [H : F ]. Now, the
conditions [H : F ] ≤ [K : F ] and K ⊆ H imply H = K. In orther words, K is a
maximal subfield of Mn(D).
To prove the simplicity of M/K∗ ∩G, suppose that M1 is a normal subgroup of
M strictly containing K∗ ∩G, i.e.
K∗ ∩G  M1 EM.
We have to show M1 = M . Indeed, by setting S = F [M1] = K[M1], in view
of Lemma 2.6, we have S ∼= Mt3(∆3) for some t3 ≥ 1 and some locally finite
dimensional division F -algebra ∆3. The condition M ⊆ NG(S
∗) ⊆ G and the
maximality ofM imply that eitherM = NG(S
∗) or NG(S
∗) = G. Observe thatM1
is a non-abelian subgroup contained in S∗ ∩G. Hence, if the first case occurs, then
S∗∩G is a non-abelian almost subnormal subgroup of S∗ = GLt3(∆3) containing no
non-cyclic free subgroups that contradicts to [17, Theorem 4.3]. This contradiction
forces NG(S
∗) = G, so S = Mn(D) by Lemma 2.3. In other words, we have
K[M ] = K[M1] = Mn(D). Suppose that {y1, . . . , yv} is a transversal of K
∗∩M1 in
M1. SinceM1 normalizesK
∗, Q = y1K+· · ·+yvK is a subring of Mn(D) containing
both K andM1, so Q = Mn(D). In view of the inclusions K
∗∩G ⊆M1 ⊆M ⊆ G,
we have K∗ ∩G ⊆ K∗ ∩M1 ⊆ K
∗ ∩G, which implies K∗ ∩M1 = K
∗ ∩G. Hence,
[K : F ] = [Mn(D) : K]r = [Q : K]r ≤ |M1/K
∗ ∩M1| ≤ |M/K
∗ ∩G| = [K : F ].
Consequently, M1/K
∗ ∩M1 =M/K
∗ ∩G, so M1 =M .
To see thatK∗∩G is the Fitting subgroup ofM , it suffices to show that this group
is a maximal nilpotent normal subgroup of M . Suppose that K∗ ∩G ⊆M2 ⊆M is
nilpotent normal subgroup of M . By the simplicity of M/K∗ ∩ G, we have either
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K∗ ∩G =M2 or M2 =M . If the first case occurs, then we are done since K
∗ ∩G
is a maximal abelian normal subgroup of M . Now, suppose that M2 = M . Since
[D : F ] < ∞, M may be viewed as a completely reducible nilpotent linear group.
By a result in [5, Corollary 6.5, p.114], [M : Z(M)] < ∞. Let {z1, . . . , zl} be a
tranversal of Z(M) in M . Take x ∈ G \M and set H = 〈z1, . . . , zl, x〉. Since M
is maximal in G, it follows G = HZ(M). Recall that F [M ] = Mn(D), from which
it follows Z(M) = M ∩ F ∗, so Z(M) ⊆ F ∗. Now, we have G′ = H ′ ⊆ H because
G = HZ(M). Consequenly, H is normal in G, so H is a finitely generated almost
subnormal subgroup of GLn(D). In view of [17, Theorem 5.4], H , and hence M is
abelian, a contradiction.
Case 2: A is contained in F
If this is the case, then M is radical over F . By Theorem 2.7, [D : F ] < ∞
and M is abelian-by-finite. Let C be a maximal abelian normal subgroup of finite
index in M . Note that Z(M) = M ∩ F ∗, so, if C ⊆ F , then [M : Z(M)] <∞. By
the same argument used in the last paragraph in Case 1, we conlucde that M is
abelian, a contradiction. We may therefore assume that C is not contained in F .
Replacing A by C in Case 1, we get the result.

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